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ABSTRACT: 

Let 𝐐+𝟐 denotes the set 
sum of square of two rational. In this paper we will prove that 
multiplication. 

Definition: 

Let Q denotes the set of rational numbers. Then 
negative rational numbers. i.e 𝐐

Since 32 + 42 = 52 → 5 ∈ 𝐐+𝟐 →
 

 
Theorem No. 01: 

Let G = (𝐐+ , ⋅ ), be a set

Proof: 

𝐈) 𝐂𝐥𝐨𝐬𝐮𝐫𝐞 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲: 

Let n, m ∈ 𝐐+𝟐 

∴ ∃a, b, c, d ∈ Q such that n = a

Consider, 
n ⋅ m = (a2 + b2)(c2 + d2) = a

= a2c2 − 2abcd +

= (ac)2 − 2(ac)(

= (ac − bd)2 + (

∴ Q+2 is closure under multiplication,
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 of non-negative rational numbers which can be
sum of square of two rational. In this paper we will prove that 𝐐+𝟐 is a group over

Let Q denotes the set of rational numbers. Then 𝐐+𝟐 denotes the set of non
𝐐+𝟐 = {n ∈ Q| n = a2 + b2 for some a, b ∈ Q}. 

 → 𝐐+𝟐 ≠ ϕ 

set then G is abelian group. 

a2 + b2 & m = c2 + d2 

a2c2 + a2d2 + b2c2 + b2d2 

+ b2d2 + a2d2 + 2abcd + b2c2 
)(bd) + (bd)2 + (ad)2 + 2(ad)(bc) + (bc)2 
(ad + bc)2 ∈ Q+2 

multiplication, ⋅ 
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be express as 
is a group over 

denotes the set of non- 
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II) Associativity: 

Multiplication for rational numbers is always associative. 

Also Q+2 ⊆ Q. 
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a

Therefore, Q+2 is Assocoative under multiplication. 

III) Existence of Identity: 

We have for all n ∈ Q+2, n ⋅ 1 = n = 1 ⋅ n 

Also 1 = 02 + 12, ∴ 1 ∈ Q+2 

∴ 1 is identity in Q+2. 

IV) Existence of inverse: 

Let n(≠ 0) ∈ Q+2, 

∃ a, b ∈ Q such that n = a2 + b2 

1 1 
Consider, m = = 

n a2 + b2 

a2 + b2 a 
= 

(a2 + b2)2 
= (  

2 + b2 

2 b 
) + ( 

a2 + b2 

 

2 

)  ∈ Q+2 

 

∴ m ⋅ n = 1 = n ⋅ m 

=∴ ∃ multiplicative inverse for every non zero element of Q+2. 

Hence G = (𝐐+ , ⋅ ), is group. 

Also, multiplication in rational numbers is commutative. 

Therefore, 

G = (𝐐+ , ⋅ ), is abelian group. 
 

 

Corollary No. 01: 

Let n, m ∈ Q+2, then 
n

 
m 

 

 
∈ Q+2 

Proof: 

𝑆𝑖𝑛𝑐𝑒 n, m ∈ Q+2 , 

∴ ∃a, b, c, d ∈ Q such that n = a2 + b2 & m = c2 + d2 

𝑛 𝑎2 + 𝑏2 (𝑎2 + 𝑏2)(𝑐2 + 𝑑2) 
∴ = = = 

𝑚 𝑐2 + 𝑑2 (𝑐2 + 𝑑2)(𝑐2 + 𝑑2) 

(ac − bd)2 + (ad + bc)2 

(𝑐2 + 𝑑2)2 
𝑎𝑐 − 𝑏𝑑 2 

= (
𝑐2 + 𝑑2 

)
 

𝑎𝑑 + 𝑏𝑐 2 
+ (

𝑐2 + 𝑑2 
)
 

∈ 𝑄+2 

Corollary No. 02: 

Let n ∈ Q+2 𝑎𝑛𝑑 𝑚 ∉ 𝑄+2, then n ⋅ m ∉ Q+2 

Proof: 



Kanpur Philosophers ISSN 2348-8301, Volume-X, Issue-I (K), 2023                          Page | 109 
 

𝑆𝑖𝑛𝑐𝑒 n ∈ Q+2 , 

∴ ∃a, b ∈ Q such that n = a2 + b2 

Suppose if possible that, n ⋅ m ∈ Q+2. 

∴ ∃ c, d ∈ Q such that n ⋅ m = c2 + d2 

𝑐2 + 𝑑2 
∴ 𝑚 =  

 

𝑎2 + 𝑏2 
∈ 𝑄+2, 𝑏𝑦 𝑐𝑜𝑟𝑜𝑙𝑙𝑎𝑟𝑦 𝑛𝑜. 01 

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛 𝑡𝑜 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑚 ∉ 𝑄+2. 

Hence proved. 

Examples: 

1)Check whether 13325 can be express as a sum of two squares. 

Consider, 

13325 = 25 × 533 = 25 × 13 × 41 = (32 + 42)(22 + 32)(42 + 52) 

𝐵𝑦 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 𝑁𝑜. 01, 

13325 ∈ 𝑄+2, 

∴ ∃ 𝑎, 𝑏 ∈ 𝑄 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 13325 = 𝑎2 + 𝑏2 

In fact, 

13325 = ((6 + 12)2 + (9 − 8)2)(42 + 52) = (182 + 12)(42 + 52) 

= (72 − 5)2 + (90 + 4)2 = 672 + 942 
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